Many important sets of normalized states in a multipartite quantum system of finite dimension d, such as the set S of all separable states, are real semialgebraic sets. We compute dimensions of many such sets in several low-dimensional systems. By using dimension arguments, we show that there exist separable states which are not convex combinations of d or less pure product states. For instance, such states exist in bipartite M ⊗N systems when (M −2)(N −2) > 1. This solves an open problem proposed by DiVincenzo, Terhal and Thapliyal about 12 years ago. We prove that there exist a separable state ρ and a pure product state, whose mixture has smaller length than that of ρ. We show that any real ρ ∈ S, which is invariant under all partial transpose operations, is a convex sum of real pure product states. In the case of the 2 ⊗ N system, the number r of product states can be taken to be r = rank ρ. We also show that the general multipartite separability problem can be reduced to the case of real states. Regarding the separability problem, we propose two conjectures describing S as a semialgebraic set, which may eventually lead to an analytic solution in some low-dimensional systems such as 2 ⊗ 4, 3 ⊗ 3 and 2 ⊗ 2 ⊗ 2.
INTRODUCTION
Entanglement reveals a fundamental difference between the quantum and classical world, which may be detected e.g. by Bell inequallities [2] . It plays an essential role in quantum information processing, such as quantum teleportation, computing and cryptography. It is a hard problem to decide whether a given quantum state is entangled. We shall propose a new method of atacking this problem in low-dimensional quantum systems, see Conjectures 4 and 5.
We consider a finite-dimensional multipartite quantum system described by the complex Hilbert space H = H 1 ⊗ · · · ⊗ H n . We set d = d 1 d 2 · · · d n where d i = Dim H i . For brevity, we may refer to this system also as an d 1 ⊗ · · · ⊗ d n . A (normalized) state is a positive semidefinite linear operator ρ : H → H with Tr ρ = 1. If the condition Tr ρ = 1 is omitted and ρ = 0, we shall say that ρ is a non-normalized state. For convenience, we prefer to work with nonnormalized states. We shall mention explicitly when we require the states to be normalized. A pure product state is the tensor product |ψ 1 ψ 1 | ⊗ · · · ⊗ |ψ n ψ n |, where |ψ i ∈ H i are nonzero vectors. A state is separable if it is a finite sum of pure product states. A state is entangled if it is not separable. There exists a necessary and sufficient condition for separability [11] which shows that the separability problem is equivalent to another hard problem about positive linear maps. It has been shown that, in general, the problem of deciding whether a state is entangled is NP hard [8] .
Let D be the set of all normalized states on H, and S the subset of all normalized separable states. Let H denote the real vector space consisting of all Hermitian operators on H. Denote by H ′ the affine subspace of H defined by the equation Tr ρ = 1. Our starting point is the well known fact that D is a real semialgebraic subset of H ′ , see Section II. From now on we shall say "semialgebraic" instead of "real semialgebraic". For the definition and examples of real algebraic and semialgebraic subsets of R n see e.g. [3, Section 2.1]. Let us just mention that H r := {ρ ∈ H : rank ρ ≤ r} is a real algebraic set, and so is the set H ′ r = H ′ ∩ H r . Since finite intersections of semialgebraic sets are semialgebraic, it follows that the sets D r = D ∩ H r are semialgebraic. We define the length, L(ρ), of any separable state ρ to be the least integer r such that ρ can be written as a sum of r pure product states. In Proposition 2 we prove that the sets S ′ r := {ρ ∈ S : L(ρ) ≤ r} are semialgebraic. From this result we deduce (see Corollary 3) that S is a semialgebraic set, and so are the sets S r = S ∩ H r .
Any closed semialgebraic set is a finite union of basic closed semialgebraic sets [3, Theorem 2.7.2] . Thus S is a finite union of pieces, where each piece is described by a finite number of polynomial inequalities of the type f (ρ) ≥ 0 with f : H ′ → R a polynomial function. We conjecture that in the case of S there is just one of these pieces, i.e., that S is itself a basic closed semialgebraic set, see Definition 1 and Conjecture 4. A stronger version of this conjecture is stated as Conjecture 5. It asserts that the polynomial functions f in the inequalities f (ρ) ≥ 0 defining S can be chosen to be invariant under the action of the unitary groups of the H i . If the latter conjecture is true, then it is likely that the separability problem will be solved analytically in some low-dimensional cases where the Peres-Horodecki criterion fails.
We denote by Γ i the partial transposition operator on the space H i , i = 1, . . . , n, computed in some fixed o.n. basis of that space. Thus, if
We denote by G the group generated by the pairwise commuting involutory operators Γ i . The elements of G are the products Γ S = i∈S Γ i where S runs through all subsets of {1, 2, . . . , n}. We say that a state ρ on H has positive partial transposes (or that it is PPT) if ρ ΓS ≥ 0 for all subsets S. If a state ρ is not PPT, we shall say that it is NPT. It is immediate from the definition of separable states that every separable state ρ is PPT.
We consider often the bipartite case (n = 2). In that case we set
We also set Γ = Γ 1 . We say that a bipartite state ρ is a k × l state if its local ranks are k and l, i.e., rank ρ A = k and rank ρ B = l where ρ A = Tr B (ρ) and ρ B = Tr A (ρ). Let ρ be a k × l state. If k = 1 or l = 1 then ρ is clearly separable (and PPT). More generally, it is well known that ρ is separable if it is PPT and (k − 1)(l − 1) ≤ 2 [11, 14] .
Due to the fact that the sets D r , S r and S ′ r are semialgebraic, they have well defined dimensions. We have computed the dimension of D r for all r = 1, . . . , d, see Theorem 7. We also found tight upper bounds for Dim S ′ r . When these bounds do not exceed d 2 − 1, the dimension of the ambient affine space H ′ , they are saturated in most cases. For several low-dimensional quantum systems we have determined the Dim S ′ r exactly, see Table I . As a simple consequence of these bounds, we prove that if (M − 2)(N − 2) > 1 then there exist separable states on M ⊗ N of length exceeding M N . (E.g. in 3 ⊗ 4, there exist separable states of lengths 13 and 14.) This question was raised about 12 years ago [7] and remained open until now. In Conjecture 10, we propose a new candidate for the maximum length of separable states. (A counter-example to this conjecture was recently found by K-C. Ha and S-H. Kye [9] .) Apparently, it is much harder to compute Dim S r . We were able to do that in 2 ⊗ 2 and 2 ⊗ 3 systems, see Proposition 11.
We investigate the set S re of separable density matrices ρ ∈ S all of whose entries are real. We denote by S G the set of G-invariant matrices ρ ∈ S. If a Hermitian operator ρ is G-invariant, then ρ T = ρ and so ρ * = ρ. i.e., ρ is real. Thus, we have S G ⊆ S re . In Proposition 13 we show that the set S G consists of all states ρ which admit a representation as a convex linear combination of normalized real pure product states. We denote by L G (ρ) the minimal number of real pure product states in such a convex linear combination. In Theorem 14 we prove that, in the 2 ⊗ N system, we always have L G (ρ) = rank ρ. The dimensions of the sets S re and S G are computed in Proposition 15. In analogy to the sets S ′ r , we introduce the sets S G r = {ρ ∈ S : L G (ρ) ≤ r}. For bipartite systems of dimension d ≤ 16, we give in Table II the lower bounds for dimensions of the sets S G r for r = 1, . . . , d. In most cases it is shown that the bound is actually equal to Dim S G r . We consider the following three separability problems (S 1 ), (S 2 ) and (S 3 ): for a given state ρ, decide whether ρ belongs to S, S re or S G , respectively. Since S ⊇ S re ⊇ S G , (S 2 ) is a special case of (S 1 ), and (S 3 ) a special case of (S 2 ). We prove in Proposition 16 that (S 1 ), (S 2 ) and (S 3 ) are equivalent to each other.
The content of the paper is as follows. In section II we prove that the sets D r , S r and S ′ r are semialgebraic and propose the two separability conjectures. In section III we compute Dim D r , find a tight upper bound for Dim S ′ r , and in some cases prove that they are equal. In section IV we characterize the set S G and compute its dimension. Finally, in section V we highlite some of our results and discuss the prospects of solving analytically the separability problem in some quantum systems of low dimension.
II. SOME SEMIALGEBRAIC SETS AND SEPARABILITY CONJECTURES
The sets D, S, D r , S r and S ′ r are compact subsets of H ′ , and the first two are also convex. It is not hard to prove that all of them are also semialgebraic subsets of H ′ . Let us recall and show that D is a semialgebraic subset of
, is the characteristic polynomial of ρ ∈ H ′ , then ρ ∈ D if and only if each c i ≥ 0. Recall that c i is the sum of all principal minors of order i of ρ, and so c i is a polynomial function on H ′ . Thus, D is semialgebraic. In fact this shows that D is a basic closed semialgebraic set according to the following definition.
Definition 1 (see [3, Definition 2.7 .1]) A subset X of a Euclidean space E is a basic closed semialgebraic set if there exist finitely many real polynomial functions
(We shall use this definition when E is either H or H ′ .) Since H r is a real algebraic set and D r = D ∩ H r , it follows that D r is semialgebraic. We shall now prove that this is also true for the sets S ′ r and S r .
Proposition 2 Each set
Proof. Let X i be the unit sphere in H i and let the subset Λ ⊂ R r be defined by the equality λ 1 + · · · + λ r = 1 and the inequalities 0 ≤ λ i ≤ 1 for i ∈ {1, . . . , r}. The spheres X i are real algebraic sets and so is their product X = X 1 × · · · × X n . As the set Λ is semialgebraic, the product
of Λ and r copies of X is also semialgebraic. We shall now define a map f : Z → S ′ r . We shall write an arbitrary point z ∈ Z as z = (λ 1 , . . . , λ r , x 1 , . . . , x r ), where each x i = (x i1 , . . . , x in ) ∈ X. The function f is defined by setting ⊓ ⊔
Corollary 3
The set S of all normalized separable states on H is semialgebraic, and so are its subsets S r .
Proof. Since S r = S ∩ D r , the second assertion follows from the first. We shall give two proofs for the first assertion. First proof: By a result of P. Horodecki [12, Theorem 1] , which easily extends to the multipartite case, we have S = S ′ r for r = d 2 and the assertion follows from Proposition 2. Second proof: By Proposition 2, S 1 is semialgebraic. We can now apply the known fact that the convex hull of a semialgebraic set is also semialgebraic. As S is the convex hull of S 1 , we deduce that S is semialgebraic.
⊓ ⊔ Our first conjecture says that S is a very nice semialgebraic subsets of H ′ .
Conjecture 4
The set S is a basic closed semialgebraic subset of H ′ .
Our second conjecture is a stronger version of this one. It asserts that the polynomial functions, which occur in the representation of S as a basic closed semialgebraic set, can be chosen in a very special way. In this place, it is convenient to work with the non-normalized states. If X ⊆ H ′ is a nonempty subset, we define the cone over X to be the subset KX = {tρ : t ≥ 0, ρ ∈ X} of H. Note that the vertex of KX, namely the origin of H, belongs to KX. Consequently, if X is closed and compact, then KX is closed. Note also that if X is convex or semialgebraic then KX has the same property, and conversely. We are in particular interested in the cone KS consisting of all non-normalized separable states (plus the origin).
The direct product of the general linear groups GL := n i=1 GL di (C) acts naturally on H via local invertible transformations, and also acts on H. Explicitly, if V ∈ GL and ρ ∈ H then the latter action is given by (V, ρ) → V ρV † . The local unitary group, i.e., the subgroup U = n i=1 U(d i ) of G, also acts on the same spaces. We say that a polynomial
for all V ∈ U and ρ ∈ H. The Conjecture 4 implies that the cone KS is a basic closed semialgebraic subset of H. The following conjecture is much stronger.
Conjecture 5 There exist finitely many homogeneous invariant polynomial functions
Note that in the bipartite case both conjectures are true if (M − 1)(N − 1) ≤ 2. In spite of the fact that this has been known for long time (albeit not stated in this way), all other bipartite cases still remain unsolved. If Conjecture 5 is true, then it should be possible to find analytic criteria of separability in some additional low-dimensional cases, say for 2 ⊗ 4, 3 ⊗ 3 and 2 ⊗ 2 ⊗ 2 quantum systems. To realize this objective, it is first of all necessary to find a practical method for computing the homogeneous invariants of small degree. Since U is compact, the algebra of polynomial invariants is finitely generated and the generators can be chosen to be homogeneous. We pose the following problem which would provide a simple method for computing all homogeneous invariants.
Problem 6
Find a minimal set of homogeneous generators for the algebra of invariant polynomials f : H → R for the quantum systems 2 ⊗ 4, 3 ⊗ 3 and 2 ⊗ 2 ⊗ 2.
III. DIMENSION COMPUTATIONS FOR SOME QUANTUM SYSTEMS
Since all of the sets D r , S ′ r and S r are semialgebraic, they have a well defined notion of dimension. We shall compute some of these dimensions in certain cases. We start with the sets D r in which case we can ignore the tensor product structure of H.
Theorem 7 We have
We fix an o.n. basis |α k , k = 1, . . . , d of H and denote by U(d) the global unitary group of H with respect to this basis. This group acts naturally on H as well as on H and H ′ and its subset D. For U ∈ U(d) and ρ ∈ H, we shall use the notation U · ρ = U ρU † . Denote by X the set of all states ρ given by (2) with |ψ i = |α i , i = 1, . . . , r. Clearly, we have D r = U(d) · X. Let Y ⊂ X consist of all ρ which also satisfy the inequalities
⊓ ⊔ Note that for r = d we recover the well known fact that Dim D = Dim
Theorem 8 For all positive integers r we have
Consequently, there exist separable states of length
where ⌈t⌉ denotes the smallest integer ≥ t.
Proof.
The space Z (see Eq. (1)) and the map f : Z → S 
r is a proper subset of S, and so there exist ρ ∈ S with L(ρ) ≥ l.
⊓ ⊔ About 12 years ago the authors of [7] raised the question whether the separable states on M ⊗N satisfy the inequality L(ρ) ≤ M N . It follows from the theorem that the answer to this question is negative. Indeed,
and so there must exist separable states on H of length bigger than M N .
It is now easy to answer the analogous question in the multipartite case.
Proof. By the theorem we have l ≤ d and Eq. (4) implies that
is strictly increasing as a function of a single variable d i . As f (2, . . . , 2) = 2 n − 2n − 1 > 0, we have a contradiction. We conclude that n = 2, and the corollary follows easily. ⊓ ⊔ On the bipartite system M ⊗ N , if M = 1 or N = 1, all states are separable and so S ′ r = S r = D r and Dim D r = r(2N − r) − 1 by Theorem 7. In Table I , we give the dimensions of the sets S ′ r for several small values of n and the
Let us sketch the proof of the results stated in Table I . By Theorem 8 we have Dim KS ′ r ≤ (2M + 2N − 3)r. If r is in the initial range (as secified in Table I ), we claim that the equality holds. Define the map ϕ : H A × H B → H by ϕ(a, b) = |a a| ⊗ |b b| and observe that the rank of its Jacobian matrix does not exceed 2M + 2N − 3. Next define the map Φ r : (H A × H B )
r → H by setting
The image of Φ r is exactly the cone KS ′ r . Since Φ r is a smooth map, the dimension of KS ′ r must be greater than or equal to the maximum rank of the Jacobian matrix, J[Φ r ], of the map Φ r . Hence, in order to prove the claim it suffices to find a point p r := (a 1 , b 1 , . . . , a r 
Thus, it suffices to prove the above claim only for the maximal value, r max , of r in the initial range. We have done that numerically for all cases in the table by choosing a random point p r and evaluating the rank of J[Φ r ] at p r when r = r max . We used the same method to prove that Dim S
The multipartite cases (those with n > 2) were treated similarly.
When M = 2 and N > 1 we have l = 2N and the case r = l − 1 = 2N − 1 is exceptional. The inequality from Theorem 8 tells us that Dim KS ′ 2N −1 ≤ 4N 2 − 1. We claim that the stronger inequality Dim KS
and so we must have det ρ = 0 as well as det ρ Γ = 0. Hence, the set KS ′ 2N −1 is contained in each of the two irreducible hypersurfaces det ρ = 0 and det ρ Γ = 0. Consequently, its codimension in H must be at least two. This proves our claim. Note also that if r = l = 2N then the trivial inequality Dim KS
2 is stronger than the one provided by Theorem 8. In these two cases we again use the ranks of the Jacobian matrices to prove that these improved bounds are attained.
The use of randomness can be avoided with additional effort. In the bipartite case with M = 2 and 2 < N < 9 we set
where i is the imaginary unit. When N = 2 we can use the same expressions except that we set |b 4 = |0 + |1 . Then one can verify that J[Φ r ] at the point p r := (a 1 , b 1 , . . . , a r , b r ) has rank (2N + 1)r for r < 2N − 1, and has ranks 4N 2 − 2 and 4N 2 when r is 2N − 1 and 2N , respectively. Hence, Dim KS ′ r must be equal to (2N + 1)r for r < 2N − 1, it is 4N 2 − 2 for r = 2N − 1, and 4N 2 for r ≥ 2N . As another example, we consider the bipartite case M = 3, N = 4 in which case r max = 13. We shall select an explicit point p 13 where the rank of the Jacobian matrix J[Φ 13 ] is equal to the upper bound (2M + 2N − 3)r max = 11.13 = 143.
Let us define the following 14 vector pairs (|a k , |b k ) in 3 ⊗ 4: It is tempting to conjecture that the equality Dim S By Theorem 8, the conjectural bound 2N is the best possible. So far, it was known that this conjecture is true in the case of two qubits, but all other cases were open. We have proved recently [5] that it is also true for the qubit-qutrit system. We note that, since a separable state of rank r ≤ 2 has length r, we have
On the other hand recall that S d = S contains an open ball of H ′ centered at the normalized identity matrix (1/d)I d , see [15] . Consequently, Dim
The dimensions of the sets S r for 2 < r < d are not known. We shall compute them in the two smallest bipartite cases 2 ⊗ 2 and 2 ⊗ 3. The computational method from the proof below can be used to compute the dimensions of the sets P r consisting of all bipartite PPT states of rank at most r. (These are semialgebraic sets because P r = D r ∩ D Γ .) Note that in the special cases that we consider here, we have S r = P r due to the Peres-Horodecki criterion.
Proposition 11
In 2 ⊗ 2 we have Dim S 3 = 14. In 2 ⊗ 3 we have Dim S r = 26, 31, 34 for r = 3, 4, 5, respectively.
Proof. It is convenient to work with non-normalized states and so we shall use the cones KS r and KD r instead of S r and D r . Any non-normalized state ρ of rank at most r can be written as ρ = C † C, where C is an r × 2N matrix whose diagonal entries are real and those below the diagonal are 0. Let us denote by X the real vector space of such matrices C. Note that Dim X = r(4N − r). Thus we have a surjective map g : X → KD r defined by g(C) = C † C. We select a point C 0 ∈ X such that the state ρ 0 := g(C 0 ) ∈ P r and, subject to this condition, the rank r 0 of the Jacobian matrix J 0 of g at C 0 is maximal. By continuity, there is an ǫ > 0 such that the rank of the Jacobian matrix is equal to r 0 and g(C) ∈ P r for all C ∈ X in the open ball C − C 0 < ǫ. The image of this ball is a submanifold of H ′ of dimension r 0 . Since this image is contained in KP r = KS r , we conclude that Dim KS r ≥ r 0 . Hence, if r 0 = r(4N − r) = Dim KD r we can deduce that Dim S r = Dim D r . This is indeed true in the cases when (N, r) is (2, 3), (3, 3) , (3, 4) or (3, 5) . The matrices C 0 for these four cases can be chosen as follows: 
⊓ ⊔ We conclude this section with an interesting example.
Example 12 Consider the separable
If |a, b is a product vector and ρ = σ + |a, b a, b|, then rank ρ = M N and we claim that L(ρ) = M N . There is a unique p i > 0 such that σ i := ρ i − p i |b b| ≥ 0 and rank σ i = N − 1. Then
shows that L(ρ) ≤ M N , and the claim follows.
An L(σ) . The cases where σ has the maximal possible length are of course trivial. The above example shows that there exist σ with the above stated property which are not of this trivial type. Since L(ρ) ≥ rank ρ, we infer that in Example 12 we always have L(ρ) = L(σ) = M N .
We claim that there exist ρ and σ as above such that L(ρ) < L(σ). First, we show that the sum of two separable states may have smaller length than one of the two summands. Assume that (M − 2)(N − 2) > 1. Then by Theorem 8 we can choose a separable state σ such that L(σ) > M N . We can choose large t > 0 such that
). This proves our claim. For analytic examples of such states in 3 ⊗ 3 see the very recent preprint [10] .
However, it is not known whether in 2 ⊗ N there exists a separable state σ and a state ρ = σ + |a, b a, b| such that
One can show that there exists a separable state σ whose length is larger than max(rank σ, rank σ Γ ). Actually, analytic examples of such 3 × 3 states can be found in [9] . However, no such example is known in 2 ⊗ N . If such states do not exist, then it would follow that Conjecture 10 is true.
IV. REAL SEPARABLE STATES
Many important states used in quantum information are real i.e., all entries of their density matrices are real. For this to make sense, we have to assume that we have fixed an o.n. basis in each of the Hilbert spaces H i , i = 1, . . . , n. In this section we shall study the real separable states on H. We have defined in the Introduction the partial transposition operators Γ i i = 1, . . . , n., as well as Γ S for S ⊆ {1, . . . , n}, and the group G. Recall that H is the space of all Hermitian operators on H, and H ′ its affine subspace consisting of operators of trace 1. We say that an operator ρ ∈ H is G-invariant, and we write ρ G = ρ, if each element of G fixes ρ. (This is the case if and only if each Γ i fixes ρ.) We introduce the following real spaces
Thus H re is the space of all real symmetric operators on H. It is easy to see that H G ⊆ H re and that H G can be identified with the tensor product over R of the spaces of real symmetric operators on H i , i = 1, . . . , n. In particular, it follows that
For convenience, we also set
As a subset of S, the set S G is defined by the equations ρ Γi = ρ, i = 1, . . . , n. Let |a i ∈ H i , i = 1, . . . , n, be nonzero real vectors and |φ = |a 1 , . . . , a n the corresponding real product vector. Then we say that |φ φ| is a real pure product state. These states are obviously G-invariant, i.e., |φ φ| ΓS = |φ φ| for all S. We say that a state ρ is separable over R if it belongs to the convex hull of the set of real pure product states. Consequently, if a separable state ρ is separable over R, then we must have ρ G = ρ. For instance, for the two-qubit real separable state ρ = |00 00| + |11 11| + |ψ ψ|, with |ψ = (|01 + |10 )/ √ 2, we have ρ Γ = ρ. Therefore ρ is not separable over R. For an explicit expression of ρ as the sum of four (complex) pure product states see [1, Eq. (137) ].
Our first result is that the above necessary condition is also sufficient.
Proposition 13 Let ρ be a separable state and l = L(ρ). If ρ G = ρ then ρ is a sum of 2 n l real pure product states, and so ρ is separable over R. Consequently, S G is the set of all states which are separable over R.
Proof. We have ρ = l k=1 |ψ k ψ k |, where |ψ k = |a k1 , . . . , a kn . We define
It is easy to verify that |a kj a kj | + |a * kj a * kj | = |b kj b kj | + |c kj c kj |. Since ρ ΓS = ρ for all S ⊆ {1, . . . , n}, we have
Since |b kj and |c kj are real, this completes the proof. ⊓ ⊔ For ρ ∈ KS G we denote by L G (ρ) the smallest integer k such that ρ can be written as a sum of k real pure product states. We also say that L G (ρ) is the length of ρ over R. Finally, for any positive integer r, we set S
It is immediate from the definitions that the sets S re , S G and S G r are semialgebraic.
It is an open question whether the equality always holds. E.g., we do not know whether ρ in Proposition 13 is a sum of l real pure product states. The next theorem shows that the equality L(ρ) = L G (ρ) holds in any 2 ⊗ N system. It was shown in [13, Theorem 2] that a 2 × N PPT state ρ with ρ Γ = ρ is separable. Moreover, such ρ admits a decomposition ρ = r i=1 |a i , b i a i , b i | with r = rank ρ and all |a i real. For real ρ we have the following stronger version of this result.
Theorem 14
In any 2 ⊗ N system, every G-invariant state ρ is separable over R. Moreover, for such ρ we have
Proof. To prove the first assertion, it suffices to consider the case where ρ is a 2 × N state. By the theorem cited above, ρ is separable. Thus, ρ ∈ S G and the assertion follows from Proposition 13. To prove the second assertion, we again may assume that ρ is a 2 × N state. It follows that r := rank ρ ≥ N . Since ρ Γ = ρ, we have
where A, B, C are real symmetric matrices of order N . Moreover, we can assume that C is invertible (see e.g. [4, Example 2]). By performing an invertible real local operation on H B , we can assume that C = I N . By performing yet another local operation on H B , this time with a real orthogonal matrix, we may also assume that B is a diagonal matrix, say B = diag(b 0 , . . . , b N −1 ). Then we have
where
Since ρ ≥ 0, we must have A ′ ≥ 0. Moreover, it is clear that r = N + r ′ where r ′ = rank A ′ . Since A ′ is a sum of r ′ positive semidefinite matrices of rank one, and the |φ i are real product vectors, the assertion is proved.
⊓ ⊔ The first assertion of this theorem may fail for some other quantum systems. To construct a 3×3 counter-example, we start with an UPB {|a i , b i : i = 1, . . . , 5} consisting of real product vectors. Then the state ρ = I − 5 i=1 |a i , b i a i , b i | is G-invariant and entangled [6] . One can construct similarly a 2 × 2 × 2 counter-example by using the UPB from [6, Eq. (22) ].
We can compute the dimensions of S re and S G . the symmetric difference of R and S. Consequently, we have
Proposition 15 We have
The last equality holds because when S runs through all subsets of {1, . . . , n} so does R∆S. Thus we have shown that σ ∈ H G . Since a|a * = 0, we have ρ = a, . . . , a|σ|a, . . . , a . This formula and Eq. (19) show that ρ is separable if and only if σ is separable.
⊓ ⊔
V. CONCLUSIONS
It is well known that the set of all normalized states, D, has nonempty interior when viewed as a subset of the ambient affine space H ′ , and so Dim D = d 2 − 1. No such result is known for its subsets D r = {ρ ∈ D : rank ρ ≤ r}. First of all, we have shown that D r are real semialgebraic sets and so they have a well defined dimension. Then we have given a simple formula for their dimensions (see Theorem 7) .
Next consider the set, S, of normalized separable states. First we dealt with its subsets S ′ r = {ρ ∈ S : L(ρ) ≤ r}, where L(ρ) is the length of ρ. We showed that each S ′ r is semialgebraic and deduced from this fact that S itself is semialgebraic. We have obtained in Theorem 8 very good upper bounds for Dim S ′ r . These bounds are not of interest when they exceed d 2 − 1. However, in most (but not all) of the other cases that we have computed (see Table I ) these bounds are saturated. A simple consequence of these bounds is the fact that there exist separable states ρ with L(ρ) > d := Dim H. The dimension of the subset S r = {ρ ∈ S : rank ρ ≤ r}, is much harder to compute. We have done that for the systems 2 ⊗ 2 and 2 ⊗ 3 only (see Proposition 11) .
We have initiated the study of real separable states. It may be surprising that such states are not necessarily separable over R, i.e., not necessarily expressible as a sum of real pure product states (see the example above Proposition 13). On the other hand we show that, among all separable states, those which are separable over R are characterized by the property of being G-invariant. In addition to the standard separability problem (S 1 ), we have formulated in section IV two variations (S 2 ) and (S 3 ) which ask to decide whether a state ρ belongs to the set of real separable states S re or the set of G-invariant separable states S G , respectively. We have shown that all three separability problems are equivalent to each other.
Last, but not least, we have proposed a method of solving the standard separability problem (S 1 ) in some lowdimensional quantum systems (see Conjectures 4 and 5) . Since these very natural conjectures are valid in the two cases where the separability problem has been solved, namely 2 ⊗ 2 and 2 ⊗ 3, we are hopeful that they may lead to eventual analytic solution of the problem in some additional cases. One possibility is to use the Jacobian matrix of the map Φ r , see Eq. (5), where r is chosen so that S ′ r = S. In that case, this matrix must have deficient rank at the points mapped to the boundary of the cone KS. This may help us to find the polynomial equations defining the boundary of S.
The separabilty problem (S 3 ) is the real analog of the standard separability problem (S 1 ). Due to the fact that the set S G has much lower dimension than S, it is very likely that in concrete cases it would be much easier to solve (S 3 ) than (S 1 ). As we have shown that (S 3 ) has a very simple solution for 2 ⊗ N systems (see Theorem 14) , the smallest open cases are 2 ⊗ 2 ⊗ 2 and 3 ⊗ 3.
